Abstract: The paper deals with exact steering predictor-based multirate control of nonlinear dynamics with a non-zero drift term and delayed inputs which admit under feedback a finiteorder sampled-data equivalent model. Simulation results concerning the adopted control strategy are presented.
INTRODUCTION
Actuator and sensor delays are among the most common phenomena that arise in engineering practice, which is why the compensation of such delays has become an active area of research during the last five decades (e.g., see Smith (1959) , Artstein (1982) , and Mazenc et al. (2012) ). In particular, the control (e.g., stabilization) of dynamical systems with input delays can be performed by means of a predictor-based approach and recent studies have shed light on new opportunities for predictor feedback, such as its extension to nonlinear systems (e.g., see Krstic (2009) ).
Furthermore, the concepts recently introduced by the research in Future Internet networks and some related application fields have sparked renewed interest in the analysis and design of time-delay systems. In particular, the performance of the sophisticated methodologies adopted for control design in the framework of the PLATINO project on Future Internet (e.g., consensus and reinforcement learning techniques for multi-agent Quality of Service and Quality of Experience control) is very sensitive to the delays introduced by the sensing, actuation and processing functionalities; in this respect, analyzing such delays, compensating them and ensuring the stability of the overall closed-loop system, as well as the desired levels of performance, becomes of paramount importance (e.g., see Bruni et al. (2014) and Di Giorgio et al. (2014) ).
While studying time-delay systems in continuous time typically relies on setting an infinite dimensional problem, the presence of input delays in discrete time can be dealt with by considering appropriate extensions of the dynamics. In this case, the design of a controller is greatly simplified as long as the problem can be re-stated in terms of its sampled-data equivalent model. For instance, considering continuous-time input-affine dynamics which admit finitely computable discrete-time equivalent models (e.g., see Monaco and Normand-Cyrot (1992) , Di Giamberardino et al. (1996) , and Monaco and NormandCyrot (1997) ), a sampled-data predictor-based stabilizing and delay-compensating controller can be designed. Such an approach has been proposed in Monaco et al. (2011) and then applied to the example of a wheeled mobile robot in Tanasa et al. (2013) . The aim of the present paper consists in showing how this approach -consisting of a piecewise-continuous overall control law obtained by combining preliminary continuous predictor feedback with multirate digital control -can be successfully extended to nonlinear dynamics with a non-zero drift term exhibiting, through preliminary state feedback and a change of coordinates, a finitely computable discrete-time equivalent model. In particular, the delay-free multirate digital control law introduced in Monaco and Normand-Cyrot (1992) is completed with a state predictor for compensating the input delays.
In general, computing the state predictor in a nonlinear context is a very challenging task which almost always compels the designer to resort to approximate models. Nevertheless, should the system turn out to be finitely computable under some suitable state feedback and coordinate transformation, there will be a significant advantage as, in such a case, we can determine the desired control law exactly.
An interesting case study, which is frequently encountered in the literature, is represented by the Planar Vertical Take-Off and Landing (PVTOL) aircraft. This dynamical system is based on a simplified aircraft model with a minimal number of states and inputs. It is well known in the control community as it retains the main features that
An interesting case study, which is frequently encountered in the literature, is represented by the Planar Vertical Take-Off and Landing (PVTOL) aircraft. This dynamical system is based on a simplified aircraft model with a minimal number of states and inputs. It is well known in the control community as it retains the main features that must be considered when designing control laws for a real aircraft. It has attracted and still continues attracting the attention of researchers as it offers the opportunity to pose challenging nonlinear control problems. Over the years, several control designs for stabilization and trajectory tracking have been proposed for the PVTOL aircraft model (e.g., see Hauser et al. (1992) , Sepulchre et al. (1997) , Marconi et al. (2002) , and Olfati-Saber (2002)).
Although the list of works on PVTOL aircraft control we have given is not even remotely exhaustive, to the best of our knowledge all the results available in the literature, except for Francisco et al. (2007) , assume that there is no delay in the inputs. Nonetheless, such a delay, due to sensors and information processing, is often present in practice. For instance, in Palomino et al. (2005) the position and roll angle of the aircraft are measured by means of a vision system that induces a delay of approximately 40 ms.
Referring to the dynamics of a PVTOL aircraft as an example of slightly non minimum-phase system or ε non minimum-phase system (Hauser et al. (1992) ), Di Giamberardino et al. (1997) pointed out that, under suitable ε-dependent state feedback and change of coordinates, the PVTOL aircraft dynamics admits a finite sampled representation. Therefore, a preliminary feedback and a change of coordinates render the modified dynamics directly invertible under a digital controller of a suitable multirate order. The introduction of a digital control loop brings to a piecewise-continuous control law which can steer the state from any initial value to any prefixed final one. Our contribution consists in showing that the exact steering control result is preserved even in the presence of input delays as long as we resort to predictor feedback.
The paper is organized as follows. In Section 2 we present the theoretical framework within which we have defined an exact control law for steering purposes. The exact steering of the PVTOL aircraft in the presence of input delays is presented in Section 3. Simulation results are presented in Section 4. Concluding remarks in Section 5 end the paper.
THEORETICAL FRAMEWORK

General remarks on sampled-data design
Let us consider the continuous-time input-affine dynamics Σ :
where x ∈ M ⊂ R n denotes the continuous-time state of the system, u ∈ U ⊂ R m and f, g 1 . . . , g m are real analytic vector fields on the smooth manifold M ⊂ R n .
The sampled-data equivalent model of (1) is given by
where T s denotes a sampling period that is small enough to guarantee the convergence of the series expansion manipulated, and the inputs u i are assumed to be constant over time intervals of length T s . (2) is said to be the finite discretization of (1) or, alternatively, a Finitely Computable Exact Sampled Representation (FC-ESR) of (1).
Definition 1. If there exists a function
Definition 2. It is worthy of note that finitely discretizable dynamics are transformed, under coordinate changes, into sampled closed representations, that is, an FC-ESR, under a generic diffeomorphism, is transformed into a C-ESR. Therefore, the notion of finite discretizability is not coordinate free, whereas the existence of closed forms is.
In particular, with the aim of further understanding the proposed ideas in the framework of sampled-data representations of nonlinear systems with a drift term as in (1), the following interesting commutation relations will now be outlined.
By discretizing the system (1) first and applying some coordinate transformation ξ = Φ(x) afterwards, we get exactly the same system as the one we obtain by applying the same change of coordinates first and then discretizing, that is, Σ DΦ ≡ Σ ΦD .
In a similar way, by applying some continuous-time state feedback γ first and then the coordinate transformation Φ, we get the same system as the one we obtain by applying the same coordinate transformation first and then the state feedback γ expressed in the new coordinates ξ, that is, Σ γΦ ≡ Σ Φγ .
Furthermore, discretizing, applying some discrete-time feedback γ D and changing the coordinates is exactly the same as performing the last two modifications the other way around, that is,
By contrast, applying the state feedback γ first and then performing the discretization is not the same as discretizing and later applying the discrete-time feedback γ D , that is, in general Σ γD ≡ Σ Dγ D , unless we use a specific γ D which has turned out to be capable of bridging such a gap. This is exactly the multirate digital controller, so long as we assume that the multirate degrees r i of each input are such that r i = n.
The relations above can be summarized in the proposition below.
Proposition 1. In the context of sampled-data representations of nonlinear systems with a drift term, the following relations hold:
             Σ DΦ ≡ Σ ΦD , Σ γΦ ≡ Σ Φγ , Σ Dγ D Φ ≡ Σ DΦγ D , Σ Dγ D ≡ Σ γD , Σ DΦγ D ≡ Σ γΦD .
Sampled-data design under input delays
Let us now investigate how the general properties discussed in Section 2.1 can be fruitfully employed for designing an exact steering controller for nonlinear dynamics with delays in the inputs.
In particular, studying the sampled-data equivalent model of a time-delay system allows to overcome the problem of infinite dimensionality that arises in continuous time. Moreover, the preservation of feedback finite discretizability under input delays overcomes the difficulty that arises in predictor computability. Indeed, it allows us to compute the state predictor exactly, i.e., without resorting to approximate models.
Following Monaco and Normand-Cyrot (1992) and Di Giamberardino et al. (1996) , we will now consider the assumption below.
Assumption 1. There exist a change of coordinates ξ = Φ(x) (3) and preliminary state feedback
under which the dynamics (1) is transformed into the finitely discretizable system
Moreover, with reference to the sampled-data equivalent model of (5), which is given by
we assume that there exists a multirate sampled-data control law (playing the role of γ D in Section 2.1)
which satisfies a specific control objective (e.g., steering the evolution of (6) to a given target position ξ(k + 1) = ξ f inal in one step of amplitude T s ).
Our aim is now to show that finite sampling under coordinate transformation and feedback is preserved even in the presence of input delays, as long as we employ a predictorbased controller. Let us consider, for instance, an input delay that is a multiple of the sampling period T s , i.e.,
where τ = NT s with N ∈ Z + . By resorting to the same change of coordinates as in (3) and to the following preliminary state feedback
we get the input-delayed transformed representation of the system dynamics
In the presence of an input delay τ = NT s , we can use the following solution
Such a controller can be rewritten in terms of the predicted state z(t) = ξ(t + NT s ) as
(9) This way, we recover, with respect to the predicted state z, the delay-free and delay-compensating controller 
and this expression turns out to be finite as (5) has been assumed to be finitely discretizable.
Therefore, thanks to a suitable change of coordinates and preliminary state feedback, an exact point-to-point steering controller can be computed in the delay-free case and, in the presence of input delays, a steering controller based on the state predictor can be exactly computed, too. As a result, we can state the following proposition.
Proposition 2. By employing the same change of coordinates (3) and preliminary state feedback (4) as in the undelayed case, feedback finite discretizability of a nonlinear system with a drift term is maintained in the presence of input delays thanks to the predictor-based control law in (9)-(10).
In general, this strategy can be applied to all inputaffine nonlinear dynamics admitting, through preliminary transformations (i.e., change of coordinates plus state feedback) exact sampled-data equivalent dynamics.
Hence, feedback finite discretizability ensures that the implementation of the predictor-based controller designed on the basis of the discrete-time equivalent model (which is modified by feedback) can be realized by applying to the system with input delays the same control law as in the undelayed case. This allows us to state another proposition, thus adding a further result to those presented at the end of Section 2.1.
Proposition 3. In a nonlinear system with a drift term described by (1), the insertion of a time delay τ and the application of a finitely discretizing feedback do commute with each other, i.e.,
THE PVTOL EXAMPLE
The mathematical model of a PVTOL aircraft, under the usual simplifying assumptions, takes the following form
The variables x and y denote the horizontal and vertical position of the aircraft, respectively. θ is the roll angle that the aircraft makes with the horizon, the control inputs u 1 and u 2 represent, respectively, the total thrust and the angular acceleration (rolling moment) and τ 1 > 0 and τ 2 > 0 are the delays acting on them. The constant term (−1) is the normalized gravitational acceleration. Note that the coefficient ε = (J tan(α))/(mgl) = 0 represents the coupling between the rolling moment and the lateral acceleration of the aircraft (Olfati-Saber (2002)). Since ε explicitly depends on the physical parameters of the aircraft that can be measured, the assumption that ε is known is justified. In the expression above, J represents the moment of inertia of the aircraft, α the fixed angle of the wings with respect to the horizontal line, m the mass of the aircraft, l the wing length and g the acceleration due to gravity.
The equations (12) are equivalent to a six-dimensional dynamical system in the form of (1), i.e.,η = f + g 1 u 1 + g 2 u 2 , where the state space variables are collected in the vector η = xẋ yẏ θθ , the drift vector field is
∂ ∂η 5 and the two delayed inputs u 1 and u 2 act along the two vector fields
respectively.
As stated in Hermes et al. (1984) and Di Giamberardino et al. (1996) , the design procedure sketched in the previous section requires the vector fields f, g 1 , g 2 describing the given dynamics to be transformed in order for the resulting vector fieldsf,g 1 ,g 2 to generate a nilpotent distribution. Therefore, as shown in Di Giamberardino et al. (1997) , we consider the feedback
which plays the role of the state feedback (4) introduced in Section 2.2. The feedback (13) makes it possible to compute a change of coordinates which brings the vector fields to a certain polynomial subtriangular form, thus achieving finite discretizability. According to Di Giamberardino et al. (1996) and Di Giamberardino et al. (1997) , we may choose the following state space diffeomorphism
In these new coordinates the system dynamics is described by the following vector fields
Then, assuming for now the absence of time delays on the control inputs, we get the following finite sampled dynamics
Now, following the procedure described in Monaco and Normand-Cyrot (1992) , i.e., denoting the multirate degree of v 1 and v 2 with r 1 and r 2 , respectively, we choose r 1 = 2 and r 2 = 4, which lead us to a solvable system of equations satisfying the condition r 1 + r 2 = 6. Such a choice for the multirate degrees guarantees that, by setting
the resulting finite multirate discrete-time dynamics
will be fully invertible with respect to the control inputs v i,j for any value of ξ [k] and ξ[k + 1], thus giving
Hence, having fixed an initial state ξ initial as well as the desired final one ξ f inal , v 1 and v 2 in (14) can be computed from (15) by a simple map inversion, due to the polynomial expression of (15) Introducing an input delay τ 1 = τ 2 = NT s with N ∈ Z + in (12), the same approach can be performed in order to control the corresponding input-delayed transformed dynamics
by resorting to the following piecewise-continuous overall solution 
(18) This way, we recover, with respect to the predicted state z, the delay-free and delay-compensating controller (10), where the discrete-time predictor dynamics, required to calculate v [k] , can be easily computed from the multirate sampled dynamics (15) through N compositions as (11), with suitable initial conditions (
SIMULATION RESULTS
The above results have been verified on an elementary maneuver for the PVTOL motion, aimed at achieving some lateral displacement, i.e., moving the aircraft from the starting position (x, y) = (0, 0) to a predetermined final one, say, (x, y) = (1, 0). This maneuver is usually addressed in the literature as a case study (e.g., see Hauser et al. (1992) ). A steering maneuver from the initial state η initial = (0, 0, 0, 0, 0, 0) T to the final one η f inal = (1, 0, 0, 0, 0, 0) T has been simulated, corresponding to a lateral displacement of about 10 meters, with the parameter ε = 0.8.
It is worthy of note that the presented multirate digital approach brings to an overall control law u which turns out to be piecewise-continuous, as it combines the continuoustime state feedback with the piecewise-constant control v.
Should we try to use the multirate controller (13)-(16) in the presence of input delays without employing any state predictor, it is clear that such an approach would not work: as soon as an input delay τ is introduced in the system dynamics, the controller will not generate the right input signal any more.
However, in the presence of an input delay τ 1 = τ 2 = NT s and assuming N = 1 for the sake of simplicity, by means of the predictor feedback (10)- (18) the convergence of the dynamical system to the desired final position will be achieved in two sampling steps. In other words, the closedloop system is delay-compensated only after the predictorbased controller "kicks in" at t = T s .
Under the above assumptions on the values of τ 1 , τ 2 and N and choosing the sampling time T s = 10 s, the results shown in Figs. 1-3 (10)- (18) in the delayed case.
In Fig. 3 the dashed lines show the control inputs u i for i = 1, 2 in the undelayed case, whereas the solid lines show u i (t − τ i ) for i = 1, 2 in the delayed case under the predictor-based controller. Moreover, Table 1 collects the values of the integral u 2 2 (t)dt (referring to the delayed case shown in Fig.  3 ), which can be considered as an "energy-like" function E(T s ). The corresponding contribution due to u 1 is negligible.
The illustrated example is intended to show the effectiveness of the proposed control strategy and to check the validity of the formulae presented in the previous sections. Fig. 3 . T s = 10 s: the solid lines represent u 1 (t − T s ) and u 2 (t − T s ) versus t in the delayed case, whereas the dashed lines represent u 1 and u 2 in the undelayed case. 
CONCLUSIONS
Although in general the computation of the state predictor for a nonlinear system is a very challenging tasksometimes even almost impossible to solve -and requires the designer to rely on approximate models, we have outlined the interesting role played by feedback finite discretizability, which offers us the opportunity to calculate the exact state predictor whenever some specific preliminary transformations are operated on the nonlinear dynamics under scrutiny. Moreover, we have shown that feedback finite discretizability commutes with the insertion of a time delay in the nonlinear dynamics. From a practical point of view, we have also illustrated the possibility of applying the theoretical results for nonlinear systems with delays in the inputs to a case study, namely a physical system, designing an exact delay-compensating piecewise-continuous steering controller. Yet, much remains to be done, e.g., extending the obtained results to the case when the exact values of the delays are unknown and also achieving good performances in terms of the robustness of the presented control scheme with respect to disturbances.
